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1. 


ON  SOME  GEOMETKIC  PROPERTIES  AND  APPLICATIONS  OF 
CONFORMAL  RATIONAL  TRANSFORMATIONS  IN  A  PLANE. 

INTRODUCTION . 

The  following  is  a  study  of  the  geometric  properties  of 
the  rational  algebraic  transf  ormations  :- 

2t   soLZ  +  /3  -^2  -   Z1    ,  2»   ~n(      (Z  -   Zi)    (Z  -  Z2) 

YZ  +  5"  *Z  -   Za  *  2  -  Z^ 


2'  ■  ao 


 (g  -  gjj   2'    -y  (a- jJi  2  -  2p) 

(2  -  z2)  (2  -  z3)  '  ^   (z  ,  ^y-jaV'g;!--  > 


where  2,0c,  {3  t  f  t  etc.  are  complex  numbers. 

The  general  properties  of  the  first,  the  circular 
transformation,  are  well  known.      I  shall,  theref ore j confine  my- 
self to  some  particular  geometric  features  of  this  transformation 
I  have,  also,  made  a  study  of  the  cubic s  which  are  left  invariant 
by  the  first  transformation. 

The  problem,  however,  of  finding  the  invariant  curves 
in  the  other  three  would  form,  in  itself,  an  extensive  field  of 
investigation,  and  has  not  been  attempted. 


2. 

CHAPTER  I. 
GENERAL  THEORY* 
I.  Assume  two  planes^Fig.  I,  namely^ the  z-and  z1- planes 
and  establish  the  following  relation  "between  them:- 


x     Ra'  (x,  y)'  » 


■1  B 


R«  <*>  yj. ,  (i) 


R4  (x,  y) 

where  Rlf  R2,  R3  and  R4  are  irreducible  polynomials  in  x  and  y. 


1 

3 



 1 —  x   

Z.'-  Plane. 

Z.-  Plane 

Pig.  I. 

These  transformations  are  uniform  in  going  from  z  to  z' 
that  is,  to  every  point  in  the  z-plane  there  corresponds  but  a 
single  point  in  the  z» -plane;    hut  they  are  not,  in  general, 
uniform  in  going  from  the  z*-plane  to  the  z-plane. 

II,  (a)  Problem:-  How  are  the  polynomials  Rx,  R2,  R3 
and  R^  related  if  the  transformations  are  to  be  conformal? 

The  Cauchy  Riemann  differential  equations  3x'  =  _d  yf , 

ax  ay 

"  2jL*  ,     (2)  applied  to  equations  (l),  give 


d  R 
d  x 


a  x 

R3  -y^Ri 


ay  2 


(3a) 


*  The  following  theory  has  been  worked  out  from  a  series  of 
lectures  on  conformal  transf ormations,  by  Prof.  A.  Emch. 


3. 


3R.iR*    .      -JLgaRi  _L5aR4  — *R2 


ay  a  dy   1  a  *  a  * 


R!  Rf 

3  4 


(3*) 


Limiting  ourselves  to  finite  values,  these  equations  are  true  for 
all  values  of  x  and  y.      Here  we  have  rational  fractions  which 
are  equal  for  all  values  of  x  and  y.      Since  "by  hypothesis  the 
denominators  are  irreducible,  the  numerators  and  denominators 
must  be  equal,  respectively.        Therefore  the  first  condition 
for  conformity  is  that  Ra  a  R4. 

Divide  (a)  in  (3)  by  (b)  and  substitute  B.1/k3  s  x*  and 
Rg/  R4  =  y',  also  substitute  R3  for  its  equal  R4. 

The  equation 
x 


(4) 


^^Tx  '       xdy'J  \dx     ax       a  y  ■  3  y  ' 

■y'(  d  Rt  B  Ra  +   3  Rt  3  Ra)  +  ...3  Rt  •  2  Rg  +  *  ^  R« 

\  a  *      Bx         9  y      gy/         ax      ax         9y        3y    s  0, 

Equation  (4)  is  the  second  condition  for  conformity, 
(b)  Geometric  Interpretation:-    If  x'  and  y1  are 
infinite,  R3  =  0;  that  is,  for  all  points  on  the  curve  R3  ~  0  for 
which  R,  and  R^  do  not  vanish  simultaneously,  x1  and  y1  are  infin- 
ite.   The  limit  of  (4),  as  x'  and  y*  approach  infinity  but  y*/xf 
remains  finite,  becomes,  on  dividing  through  by  x'y'  and  letting 
x1  ■  °o  ,  and  y'  s  00  , 

(  3  Ra)8    +    (  d  R»f  =0  (5) 
x  d  x  v  d  y  / 

If  the  equation  of  a  curve  has  the  form  R3=    {<P  (x,y)J8  + 
{9  (x,y)^2    ■  0,  (6)}        where  <P  and  9  satisfy  the  con- 

ditions that    d  0  =         ,  and  ^      =  -  ,  its  points  satlBfy(5 

~T"i"      t  y  ?  y         3  x 


t, 


( 


4. 


To  prove  this;  apply  the  Cauchy  Riemann  equations  to  the 
function, 

Rj  s  r«  +  82  =  {(p  (X)y))8  +  (&(X|y))8    -0.  (7) 
By  hypothesis, 

d  r    =    2  s         (8)>   and   5  r    »  -    __3   s  .  (9) 
d  *         dy  3  y  d  x 

Taking  the  sum  of  the  squares  of  the  partial  derivatives    of  R3 

with  respect  to  x  and  y,  we  have 

(  d  R«  )*    +    [J)  ga  )8    s    (  2r  _^_r  +  2s  ^  s\8  +  (2r  g  r  * 
\  d  x  ^  B>  y    7  1  d  x  3  xf        (     *  y 

+  Qrs/d  r,  ^8  ♦  Br,   5  8  1    ■  (substituting  values  from  (8)  and 
lax-ax      ay  tyj 

(9) 


2 


That  is, 

=  4  (H  +  .•)  ♦(*>}. 

But  ,     r2  +  s2  =  0. 

Therefore  (  )     +  (  )  =  0. 

x  3  x'        x  a  y' 

Returning  to  equation  (6),  the  conditions,  ■  and 

^x  ay 

2  ^  ,  are  satisfied  in  real  numbers,  only  when(p=  0  and 

3  y  Ox 

©  =  0.     The  possible  real  points  x  and  y  for  whicH  (6)  is 
satisfied,  are  the  real  simultaneous  solutions  of  (p  =  0  and 
0=0.     Therefore  the  real  part  of  Rfl  =  0  consists  of  a  limited 
number  of  isolated  points,  x1  and  y*  vanish  for  the  common 


( 


\ 


) 


\          i  N 


\ 


5. 

solutions  of  Rj  =  0  and  Rg  =  0.      At  the  point  of  intersection 

of  R,  =  0,  R    =  0,  equation  (4)  becomes  . — L  .  . — S.  +  — 1  •  =• 

1            8  ^xdxaydy 

■  0.  Transposing  the  second  term  and  dividing  through  "by  it, 
we  have, 

3  R!  g  R» 


3  x        B     0  x 

j  fa  3  R2 


=  -  1.  (10) 

0  y  ~TT 

The  fractions  is  (/o)  represent  the  slopes  of  the  curves  R1 

■  0  and    R2  =  °»  a-t  their  points  of  intersection.  Therefore, 

since  the  product  of  the  slopes  is  -  1,  the  curves  intersect  at 

right  angles.      The  condition  thttx1  =  0  and  y*  =  <*  is  that  R± 

-  0  and  R3  -  0,  simultaneously.    R2  =  0  and  R3  -  0,  on  the  other 

hand,  makes  x'  ~      and  y1  -  0. 

R.  R 

Summary  :-  x'  =  _2,  y1  =  _±      are  conformal  if       Rft  =  RA  and 

R3  R4  84 

R8  =  |0  (x,  y)}*  +  {e  (  x,  y)j     =  0,  where       s  ay  and       =  -  a~  « 

III.     If  the  above  conditions  are  satisfied,  z 

+  iyf  =  Ri  *  iRg  =  u  *  1  Y  =  f  (z).      Rationalizing  the 

R,  r  +  i  s 

,  ,      u  +  i  v      (u  +  i  v)  (r  -  is) 

denominator,  x1  +  iy'  =  „  ,    . —  =  1 — 7-7 — 1~7 — « 
'  *        r  +  1  s      (r  +  i  s)  (r  -  i  s) 


u  r  +  vs 

r2  +  s2      r2  +  s2 

from  which 

x«  -  Hi  -        +  Yl  •>  y'  =    51=  T;  "  u»  ,  wherein  =  |»  and  |£  * 
Ra      rz  +  s8  R3      r2  +  s2  '  ax     dy  3y 

?s 

Since  the  conditions  for  conformity  are  satisfied  by  this  trans- 
formation, the  curves  representated  by  the  equations  ur  +  vs  - 
0  and  vr  -  us  ■  0,  intersect  orthogonally  and  pass  through  the 
real  points  of  r2  +  s2  ■  0;  that  is,  through  the  real  simultan- 


6. 


eous  solutions  of  r  =  0  and  s  =  0. 

n              n  - ,  1  _ 
u  +  iv-a0z      +  a1  z      +  +an 

m  Oo  (z  -  zx)  (z  -  z2)  (z  -  zn). 

This  poly  nomial  vanishes  for  n  values  of  z.     It  vanishes  also 
for  the  simultaneous  solutions  of  u  =  0  and  v  =  0.      But  u  and 
v  are  poly  nomcals  in  x  and  y,   of  the  nth  degree,  so  that  u  =  0 
and  v  =  0  have,  in  general,  n2  common  solutions  of  which  n  are 
real  and  n2  -  n  =  n  (n  -  1)  are  imaginary.      The  solutions 
are  the.points  of  intersection  of  the  curves. 

IV  (a)       MEANING  OP  THE  IMAGINARY  SOLUTIONS. 

In  general,  a0  (z  -  z^)(z  -  z&)  (z  -  2n)  =  0  vanishes 

if  the  product  of  a0  and  two  linear  factors,  vanishes;  for 

example,   if  aQ  (  z  -  z1 )  ( z  -  z2)  ■  a0zV«7:+a.2  =  (a0  +  ib0)(x  + 
iy)8  +  (ax  +  i  *j)(x  +  i  y  )  +  a2  +  i  b2  =  0.  (X) 
Equating  the  real  and  imaginary  parts :- 
u  =  a0  x2  -  a0  y2  -  2  h0  x  y  +  ax  x  -       y  +  a2  =  0. 

v  =  b0  x2  -  "b0  y2  +  2  a0  x  y  +  bx  x  +  ai  y  +  d2  =  0. 

This  equation^  vanishes  for  u  ■  0  and  v  =  0  simultaneously. 

u  =  0  and  v  =  0  are  the  equations  of  two  conies,  therefore  they 

intersect  at  four  points,  Pig.  II. 


-NJ-0 


Fig.  II. 


u  a0  +  bQ  v  = 


(a0  2  +  b0  2)(x2  -  ya)  +  (a!  a0  +  b0  bx)  x  -  (*0  bx  -  a2  b0)  y 


+  ao  a2  +  *o  *2  =  °- 


(11) 


0 


Dividing  (11)  "by  a0a  +  b02  and  placing  it  in  the  form 
(    +  aia0  +  bob,    )  8-  /    +  a0^i  -  ajbp  V1    /  aia0  +  b,b 

1  2  (ao8  +  b0*)J      t        2  UoS  +  W  I2  <V  +  *o 

aO*l   "   ai*Q  a0a2     +  *0*2     ,  0 

+      2  (a2  +  b2)        a2    +  b2 
This  is  of  the  form 

4l  Y\8  -  Cx  =  0.  (12) 
which  is  an  hyperbola  through  the  points  of  intersection  of  u  = 
0,  ▼  =  0.      aQ  v  -  bQ  u  = 

2  (  a02  -  bQ2)  x  y  +  (a0  bx  -  a,  bQ)  x  +  (  aQ  a,  +  bQ  bj  y  + 
a0  t>2  "  «2  b0  -  0.  (13) 


(13)  can  be  written 

/x  +  aoai  +  *o*i  \ 
I         2  (a2  +  b2)  J 


(7  +  aobi  "  ai*o)  -  (aoai  +  V^^i  "  aiV 


2  <a§  + 


4  (a2  +  b2)  2 


+  *£&LZ^  a2*0_    =  o  which  is  of  the  form      2f  n  -  C2  =  0  ,  (14) 
2  (a2  +  b2)  S>  I 

(14)  is  the  equation  of  a  hyperbola,  having  the  same  center  as 
(12)  and  passing  through  two  real  points^ig.  Illjand  two  im- 
aginary points  of  it, 


i- 


=   X  +  a0al 


arta,  +  bftb 


2  (ag    +  b2) 
in  equations  (12)  and  (14) , 


T.  DoDi      ;    Y\=  y  +    apb,  - 


a,b 


1  "0 


2(a»  +  b2) 


8. 


Pig.  III. 
The  co-ordinates  of  B3  are 


-  aQa1  +  bQ'b1 
2(aJ  +  b») 


y  —  -  a  b    -  b^a 


These  co-ordinates  can  be  found  analytically  from  the 
original  equation     &a  z*  +*z  +«xs  0. 


2  <x 


CX  ftOC 


2  (X 

=  -    QC  !    =  -fa,  "  +  ib^ 
*  2  oC  o        2(a0  +~Ib^T  ' 

Separating  the  real  and  imaginary  parts,  we  have  as  the  co- 
ordinates of  B3 


1  = "  feH4sH- 


y  =  -  (a^b,-  Tana.) 

2(n4  *  k\ 


'0    T  u0 

(b)    u  +  ir  =  0  has  four  roots,  two  of  which  are  real> 
Ax  and  A2  in  figure  III. 

To  find  the  imaginary  roots. 
In  General :- 

Let  Px  =  0  and  P2  -  0  be  the  equations  of  two  conies. 
Then  Pi  +AP2  s  0  is  the  equation  of  the  pencil  of  conies  through 
their  four  points  of  intersection.    The  condition  that  the 


5 
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general  equation  of  a  conic,     ax8  +  2bxy  +  cy8  +  2dx  +  2ey  +f  s0, 
represents  a  degenerate  conic;  that  is,  two  intersecting  lines, 
is  that  the  determinant  vanishes.      Setting  up  the  discriminant 
of  our  pencil  of  conies, .we  have, 

*i  +Aa8  bx  +A*>2  dx  +Ad8 


el  +  A 


=  0 


^!  +  A^a  ci  +  Aca 

*i  +Ad8  ei  +  Ae2  *i  +Afz 

This  gives  a  cubic  in  A  °*  tlie  form  aX3  +         +  CA  +  D  s 
Hence,  through  a  quadrangle  determined  by  two  intersecting 
conies  there  are  three  degenerate  conies  of  which  one,  at  least, 
is  real,  Fig.  IV.  ?l 


Returning  to  our  particular  equations, 
-rj «    -  Cl=  0      and  2^T|  -  c2  =  0,      we  have  as  the 
equation  of  the  pencil  of  conies  through  their  intersections,  two 
real  and  two  imaginary, 

£8  +  2A^-rY»    -Ci-Ac2  =  0' 

The  values  of  \  for  which    (15)  represents  degenerate  conies  are 


*2I 


A  2*  +i» 


A 3=  -i. 


Substituting  these  values  in  (15)  the  three  degenerate  conies 


10. 


are, 

-n""0'  (a) 

£  «  -       n      -  >q  2  -  Cl  -  ic2  =  o,  (i)) 
-  -  y^8  -  c1  +  ic2  -  o.  (c) 

Both  (h)  and  (c)  represent  two  imaginary  lines.  In 
order  to  determine  points  I  and  II  in  Fig.  IV,  divide  (b)  and 
(c)  hy  £  a.    Using  (d),  we  have 

which  is  satisfied  if       ^      ■  i  and  £  -      ;    that  is,  I  is  a 
circular  point  at  infinity.*      Similarly,  we  find  II  is  the 
other  circular  point  at  infinity.      Thus  we  see  that  the  two 
imaginary  degenerate  conies  j^^^s^^^g^jthQ  circular  points  at 
infinity. 

Solving  (a)  and  (h)  simultaneously  gives  four  points, 
two  real  and  two  imaginary. 

The  intersections  of  the  zero  circles  around  A1  and  A2 
also  give  the  imaginary  finite  points  of  the  quadrangle. 

Darhoux      calls  these  imaginary  points,  A3  and  A4  ,  the 
associates  of  A:  and  A2  and  conversely.  Alt  A2,  A3l  and  A4  forma 
quadrangle  with  Bi,  B2»  B3,  as  diagonal  points.     One  of  these, 
say  B3  ,  is  the  middle  point  of  the  line  AiA2  and  the  others  are 

*  Traite  des  properiete's  projectives  des  figures^.  V. 
Poncelet,  2nd  Ed.,  Vol.  I,  pages  47  -  4-8. 

Sur  une  class  remarquahle  de  courhes  et  de  surfaces  alge- 
briques.     (  A.  Hermann,  Paris,  1896.) 


t  <  < 
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the  circular  points,  Ix  and  I3,  at  infinity.    The  quadrangle, 
A1A2A3A4,  is  also  cut  out        two  orthogonal  equilateral  hyperbolas, 
(12)  and  ( 14) ^ having  B3  as  the  common  center  and  passing  through 
Ai  and  Ag* 

V.  Applying  the  above  results  to  the  general  equation 
of  the  nth  degree,   

f  (2)  =<xozn  +  <x(  z11"1  +  .....  +  ^(Xo(z  -  zx)(z  -  z2)   (z"2n) 

=    u  +  iv  =  0. 

To  the  product  of  any  two  linear  factors,  such  as 

*0  ( z  -  2^)  (2  -  2^)  *  0,  corresponds  the  quadrangle  A^    A^A1^  A^  , 

the  co-ordinates  of  whose  vertices  satisfy  f  ( 2)  ■  u  +  iv  3  0  .  As 

there  are  ry'  ( n  •_!)_    different  products  of  two  linear  factors 
2 

possible,  there  are  n( n  -  l)     such  quadrangles,  but  as  every  real 

2 

point  is  common  to    (n-1)  quadrangles,  there  are  not  4n(n-l) 
distinct  vertices,  hut  only  n  real  points  and  n(n  -  1)  imaginary 
points.     To  a  real  pair,  A^   A^  corresponds  two  distinct 
associates.    The  total  number  of  intersections  is,  therefore, 
n  +  n(n  -  1)  =  n2  .    These  are  the  intersections    of  u  ~  0  and 
v  s  0,  and  as  u  and  v  are  each  of  the  nth  degree,  this  result 
would  be  expected. 

VI.  Double  or  invariant  points^    If  the  rational  trans- 
formation has  the  form  21  ■  P  (z)/o  (2),  where  the  degree  n  of 

G  (2)  is  >  to  the  degree  a  of  F  ("2),  then  the  double  points  are 
obtained  as  the  roots  of  the  equation  zO  (2)  -  P  (2)  3  0.  The 
transformation  in  this  case  has  n  +  1  double  points.    When  n  4 
m  -  1,  there  are  m  double  points.    Multiple  points  of  any  degree 
are,  of  course,  included  in  the  number  of  double  points. 

VII  .Branch  points:-      There  are  certain  values  of  z1 
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for  which  there  are  multiple  points  in  the  z-plane.  These 
Yalues  of  z1  are  called  branch  points. 


< 

.  / 

Pig.  V.. 

Suppose  the  branch  point  in  the  x*  plane  is  of  the 
multiplicity  k.      If  a  is  the  point  in  the  z-plane  into  which  the 
branch  point  is  transformed,  then  a  curve  through  z£  has  k 
branches  through  a,  Pig.  V. 

The o r em : -    The  branches  through  the  multiple  point 
intersect  at  equal  angles. 

Proof-  Suppose  z  s  a  is  a  k-fold  point  of  the  trans- 
formation z'  =  f  (z)  for  sorre  definite  m  lue  of  z».  Then  z*  a 
f  (z)  »  (z  -  a)k  (A  +  Bz  +  Cz8  +  ) 


=  nr> 


2-  e 

(k  6  4-  0.)}: 


L  © 


*  Lectures  on  "Theory  of  Functions  of  Complex  Variables",  by 
E.  J.  Townsend. 

*  Notes  on  Rhizic  Curves,  W.  Walton  (Quar.  Journ.  Math.,  Vol, 
II,  1871.) 


/ 


»      .v.  i 


i 


< 


c 


To  the  point  z  =  a  in  the  z-plane  there  corresponds  z*  ~  0  in 
the  z*  -plane.     Consider  now  any  line,  y1  ■  mxj  through  the 
origin  in  the  z* -plane.    To  this  line  corresponds,  in  the  z-plane 
a  curve  through  the  multiple  point  a  with  the  equation, 

In  the  neighborhood  of  z  -  a,  /J  f3  approaches  zero  as  a  limit  so 
that  the  argument  of  the  curve  near  a  satisfies  the  relation, 
tan  (k9  +  90)  =  m.    I*e"t be  the  angle  in  the  first  quadrant  for 
which  tan  6^  -  mj  then> 

tan  (  9^  +  A  ir)  =  m. 

Hence    X6  +  90  -  9^  +  A  v. 

6     =        -  On      +  >ir 

-  k    -  T"  ' 

but  Qjx  -  Qq      is  a  constant,  therefore  9  -Jjr    +  constant,  where 
-    k-  k 
/  =  o,  1,2,   ....  k  -  1. 

For  two  consecutive  branches  we  have, 

9  ^ +1  =  (  A  +  1)tt    +  constant, 
k 

9  .       -  A  tt  +  constant. 


9V  xl    "    9i    "    (  ^  +    l)y      -    >  IT 


Which  shows  that  the  consecutive  branches  through  the  multiple 
point,  intersect  at  equal  angles. 
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CHAPTER  II. 

TRANSFORMATION  I,  THE  CIRCULAR  TRANSFORMATION. 

z1  =  *  z  +  P  =  (aft  +  ibn)(x  +  iy)  +  (a,+  ibj      =  u  +  iv  (l) 
y  z  +  T~   ria+  ib8)(x  +'Ty)    +  Ua+TEaT       ~"r~TTs  ' 

where 

u  =  aox  -  "b0y  +  ai» 
T  s  aoy  +  "box  +  bx, 
r  ■  agx  -  b  gy  +  a3, 
a  =  asy  +  bax  +  b3, 

z,=  ii  +       38  O  when  u  =  0  and  v  =  0  simultaneously;  that  is, 
r  +isT 

when 

x  -  -  aQa!  +  b0bi  ,  y  ■    a^g  -  a^ 

a8  +  b3""  a8  +  bf 

o  m  0  0 

zi  seo  if  r  *  0  and  s  s  0  simultaneously;  that  is,  when 

2  2  2  2 

Separating  the  real  and  imaginary  parts  of  (1), 

z1  =  u  +  iy    ■  (u  -f  1t)_( r_  -  is)    s    (ur  +  vs)  +  i(vr  -  us) 
r  +  is       (r  +  isHr  -  TsT  r*  4  * 

x'  =  ur  +  ▼a  s  Ri  s  A,x8  +  A,y8  +  B,x  +  Cvy  +  D, 
r*  +  s2    R"3  r^5  +  s*  > 

y'  3  tt  -  us  -  R2  -  A8x8  4-  A3y8  »  Bgx  +  C8y  +  Da 
+  s8  HE3  r*  +  s*  » 

where 

Ai  =  aoa2+  b0ba,  Aa  =  a8b0  -  aQb2, 

Bi  *  aoa3  r  aia8  +  b0b3  +  bxb2  ,      B2  *  a3b0  +  a2bx  -  aQb3  -  a^. 

Ci  *  b3ao  +  Dla2  -  a3b0  -  a^g,        C2  *  aQa3  -  axa2  +  bQb3  -  b^ 


(  I 
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u  r  +  vs  ■  0  and  vr  -  us  s  0  are  the  equations  of  circles. 

Since  each  is  of  the  second  degree  they  have  four  common  solutions 

Two  of  these  solutions  are  tne  intersections  of  u  s  0  with  v  =  0 

and  r  -  0  with  s  =  0,  the  other  two  are  the  circular  points  at 

infinity. 

Fig.  VI  represents  these  lines  and  circles,     u  =  0  is 
perpendicular  to  v  =  0,  and  r  ■  0  to  s  =  0  "because  the  product 
of  the  slopes  of  each  pair  is  -  1.      ur  +  vs  =  0  passes  through 
the  intersection  of  r  =  0  with  v  =  0,  and  vr  -  us  =  0  passes 
through  that  of  u  =  0  with  s  =  0. 


Pig.  VI 


Invariant  points.  -    If  the  point  z  is  to  he  trans- 
formed into  itself,  we  must  have  z  =  a.2         or    \2?  +   Sz.  -  ax. 

I  z  +0 

-/3=  o. 

This  equation  is  a  quadratic  and  has,  therefore,  two  roots.  The 
two  points  zi  and  zg  must  remain  unchanged  hy  the  transformation, 
since  each  is  transformed  into  itself, 
f  z2  +  S  z  -  a  2  -|3  = 

(a8  +  i!>8)(x  +  iy)2  +  (a3  +  ihg)(x  +  iy)  -  (aQ  +  ihQ)(x  +  iy)  - 

ax  -  ibx  =  u  +  iv  =  0, 

where 
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u  =  aa  x  a  -  2  ba  x  y  -  a2  y2  +  (a3  -  aQ)  x  -  bQ)  y  - 

.  ax-  0,  <2) 

v  =  "bjjX  +  2a2xy  -  b2y8  +  (b3  -  b0)x  +  (a3  -  a0)y  -  bx    s  0.  (3) 

Since  (2)  and  (3)  are  the  equations  of  conics^they  intersect  in 
four  points. 

To  solve  (2)  and  (3)  we  have  first;_^    a2u  +  "b8v  «  (ag  +  h|)x2 

-  (a8  +  b8)y8  +  (aaa3  -  aoa8  +  b^  -  bbg)x  -  (a,*,  -  a2bQ  -  a3b2 

+  ab    )y-(aa  +  bb    )  3  0,  (4) 

0    2  12  18 

Equation  (4)  in  accordance  with  Art.  IV  (a),  represents  an 
hyperbola  of  the  form  £  8  -  yj8  -  c    -  0,      which  passes  through 
the  intersections  of  u  =  0  and  v  3  0. 

Secondly:-    a  v  -  b  u  =    2(a8  +  b8  )xy  +(ab    -  a  b    -  a  b  + 

2  2  22  832032 

ab)x+(aa      -  a  a    +  bb    -  bb)y  +  ab    -  a  b    =0.  (5) 

02  83  02  23  02  12  81 

(5)  can  be  put  in  the  form  2^^-  Cg  s  0,  the  equation  of  an 
hyperbola  with  the  same  center  as  (4),  and  passing    through  the 
same  four  points  of  intersection  of  u  s  0  and  v  =  0.  These 
points  may  be  designated  by  A    and  A      and  their  associates,  A 


and  A  • 

4 


The  co-ordinates  of  B^,  the  center  of  the  hyperbolas, 
which  are  found  by  the  method  given  in  Art.  IV,  are, 

x  =  -  /a  a    -  aa8+  b2b3  -  b0b2^ 

2    3  Q  .  / 

2T  a-  +  b*)   —  > 

(aabs  -  aabo  -  bgaa  +  aoba) 
7  ~  "  2  ( a|  +  bf )  —  ' 

Prom  Art.  IV  (b),  we  know  there  are  three  degenerate 
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conies,  one  real  and  two  imaginary,  which  pass  through  the  four 
points  of  intersection  of  our  hyperbolas, 

Fig*  VII.     Two  of  these  degenerate  conies  have  I    and  I  as 

i. 

vertices. 


M2i 


Pig.  VII 

The  slope  of  the  line  z2z3  is  -  i  while  that  of  Zx^is  +  i.. 

The  equation  of  line  Z2Z3  is  (y  -  ha )  s  -  i  (x  -  as) ,  (6) 

that  of  line  z1z3is    (y  -  b1)  s    i  (  x  -  ax)#  (7) 

Solving  (6)  and  (7)  simultaneously  we  have  for  the  co-ordinates 
of  A3    =:  z3, 

x,  =  (a,  +».)♦!(»,-  t.)  , 


y3  ■  !(».-*,)  +  (T».  +  *,) 


The  intersection  of  lines  z4z8  and  z4Zi  ;  that  is,  the  common 
solution  of 

(y  -  d2)  =  i  (x  -  a2)  ,      and      (y  -  hi)  =  -  i  (x  -  ai), 

gives,  as  the  co-ordinates  of  A4  z4, 

x*  =  (aa  ^  at)  U  (b2  -  b,)  , 

2 

v    ,  (Da  +  M  -  i  (a,  -  ax) 


c 
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The  product  of  the  equationaof  the  lines  z8z3  and  zaz4  gives 
that  of  the  zero-circle  about  z8,  that  of  the  lines  zxz8  and 
zxz4  gives  the  zero-circle  about  zl9  which  shows  that  the 
associates  A3  and  A*  are  also  on  the  zero-circles  around  Ax  and 
As. 

Cubics  which  are  invariant  in  the  involutoric  circular 
transf ormation:- 

The  general  form  of  the  cubic  equation  is  ax3  +  bx8y  +  cxy8  +  dy3 
+  ex8  +  fxy  +  gy8  +  hx  +  iy  +  k  s  0.  (8) 
This  equation  depends  upon  njne  essential  parameters.     In  this 
investigation  of  invariance,  two  principal  cases  may  "be  distin- 
quished. 

Case  1^  -    By  choosing  the  co-ordinates  of  our  points 
as  shown  in  Pig,  VIII,  the  transformation.  z»  ■  <*  z  becomes 
z*  ■  l/z,  which  consists  of  a  reciprocation  and  a  reflection  on 
the  axis  of  reals.      The  co-ordinates  of  z1  are 

x*  -  x/(x8  +  y8)  ,  y'  -  -  y/(x8  +  y8J , 

and  Pig,  VII  assumes  the  form  as  shown  in  Pig,  VIII,  in  which  all 
designations  agree  with  those  previously  adopted.    The  equation 
determining  the  double  points  is  z8  -  1  =  0  and  is  represented  by 


the  two  hyperbolas, 


\f-.o 


Pig.  VIII 
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u  ^  x8  -  y2  -  1    =  0^  and  v  m  2  xy  =  0 , 

The  problem  is  to  find  the  equation  of  those  cubics 
which  pass  through  Ax(l,0),  Aa(-1,0),  Aa(0,i),  A4(0,-i),  B3(0,0), 
I  (y/x  ■  +i,    x  =oo  )  and  I  (y/x  =    -i,    x  -      )  .  and  are  trans- 

1  8 

formed  into  themselves  by  the  transformation  z%  ■  l/z.  Substitut- 
ing, successively,  the  co-ordinates  of  the  above  points  in  the 
general  equation,  (8),  and  thereby  determining  its  coefficients, 
(8)  reduces  to  ax3  +  bx8y  +  axy2  +  by3  +  fxy  -  ax  +  by  =  0.  (9) 
The  given  transformation  must  not  change  the  form  of  the  equation. 
Thus, placing  x  s  x'/(x,s  +  y,a)  and  y  s  -  y*/^12  *  y,2)>  an<* 
dropping  the  primes,  the  equation  under  this  condition  reduces 
to  ax8  +  bx8y  +  axy8  +  by3  +  fxy  -  ax  +  by  s  0,  which  is  the 
same  equation  as  (9).      (9)  can  be  put  in  the  form, 
(*8  +  y8)  (ax  +  by)  +  fxy  -  ax  +  by  s  0,  which  clearly  represents 
a  circular  cubic. 

Since  there  are  nine  essential  parameters  in  (9)i  there 
are  oo  8  cubics  which  pass  through  seven  given  points  and  are  in- 
variant for  z»  s  l/z. 

Asymptotes. *     The  asymptotes  of  equation  (9)  are 

ax  +  by  ^  abf/(a8  +  b8)  ,  (real) 

ix  -  y    ■  -  if/  2(b  -  ia)  ,  ) 

>    ( imaginary) 
ix  +  y    =  -  if/  2(b  +  ia)  ,J 

The  principal  focus  or  center  of  the  cubic;  that  is^ the  intersec- 
tion of  the  imaginary  asymptotes  is, 

Loria,  Ebene  Kurven,  Vol.  I,  page  32. 
*Townsend  &  Goodenough,  Essentials  of  Calculus,  Art.  88,  The 
Method  of  Substitution. 


I  t 
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x  =  -  bf/  2(a8  +  b8),  y  =  -  af /  2(a8  +  b8). 

Since  these  co-ordinates  satisfy  (9),  the  center  is  on  the 
cub i  c • 

Tangents,      The  tangents  through  1^  and  1^  to  a  cubic, 
are  of  the  form  y  a  +    ix  +  c. 

By  placing  y  =  ix  +  c  in  (9)  we  obtain  a  quadratic  in  x, 
x8(2iac  -  2bc  +  if)  +  x(ac8  +  3ibc8  +  cf  +  ib  -  a)  +  be3  +  be  » 
The  condition  for  double  roots  gives 
c 


4  +  c8/2f(a  +  ib\       }  +  c*(t 8  -  12  iab  -  2a8  +  2b8) 
(a8  -  b8  -  2ia"b)         x  ■  a*  -* T^~ST^"  " 


Ycf  (ib  t  a)  )  +  1 
{**  -  b»  -  2iab) 


■  0, 


(10) 


a  biquadratic  in  c.  Hence  there  are  four  tangents  from  I  to  the 
cubic.    Likewise  there  are  four  from  I  •      The  intersections  of 

2 

these  two  pencils  of  tangents  give  the  l6  foci  ,      only  four 

being  real, of  the  cubic. 

Case  II,        Take  B    as  the  origin.  B  Z    as  the  x-axis 
 :  3  3  3 

and  B  Z    as  the  y-axis.    Let    z    m  l/  z    and  z    38  l/  z  , 
3   1  /     *  3  8  1 
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The  equation  of  a  line  through  z2  z4  is  x  x3  -  y  yx  -  1  ■  0  (11) 
and  that  of  z^  z3  is  x  y1  +  x3  y  -  x3  yx  =  0.  (12) 
Since  the  product  of  the  slopes  of  lines  (ll)  and  (12)  is  equal 
to  -  1,  the  lines  are  at  right  angles  to  each  other;  that  is, 
z2  z4  is  the  altitude  from  the  vertex  zg.      The  intersection  of 
z,  z.  andz_  z.  is  B„,  whose  co-ordinates  are 

„  X      (yx8   +   1)  (X2   -   1)  y 

Similarly,  the  line  zl  z4  can  "be  shown  to  be  the  altitude  from 
zi  to  the  line  zg  z3«      The  intersection,  Bf  }of  these  lines  has 
the  co-ordinates 

x38  y,  2  +  1  VV~+  1 

1 

By  applying  the  transformation  z1  -  z    to  B     ,  B    is  found  to  "be 
the  inverse  of  B2. 

As  in  case  I,   it  is  important  to  find  the  conditions  necessary 
in  order  that  the  transformation  z*  =~  shall  leave  a  cubic  pass- 
ing through  2l(0,  Yx)  ,  z2(0,  -  i  )   ,   z3(x3,  0),   zji  ,  0) ,  B 

1  3 

*   g — 9  3    '   >  invariant. 
x8    y!2  +  lj 

Substituting,   successively,  the  co-ordinates  of  these  points  in 

the  general  equation,  (8),  and  thereby  determining  its  coefficients 

(8)  reduces  to  ax3  +  d  x2  y  J£*L±ll  x2  y  +  ax  y2  +  f(yi*  "  l] 

2  x3  2  yx 

a(xaa  +  l)        .  d(l  -  v*2l 

3  y  i 

=  0.  (12) 
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Applying  the  transformation  z1  =  \  to  (12),  with  the  condition 
that  it  "be  left  invariant,  and  simplifying  the  resulting  equation, 
we  have 

f(x  2  +1)  .  ,      f(yia  -  1) 

"3  +  4x2  y  +  2  x'3(xa  +  y«)    X    7  +  "  7    %77x^T7?r  7  + 

dy3  .  a(*38  +  i)  x2  .  f  x  y  +  fLUL--ZiH  yS  +  ax  .  dy  =  o. 

x3  yx 
In  oTder  that  this  he  identical  with  equation  (12),  f  must  equal 

zero,  so  that  the  form  of  (12)  "becomes,  ultimately,  ax3  +  dx8  y 

+  ax  y«  +  dy*  -  *  1}  x*  +  d(1  '  yi8)  y*  +  ax  -  dy  =  0. 

This  equation  can  he  put  in  the  form  of  a  circular  cubic, 
(xa  +  ya)(A  x  +  B  y)  -  A1  x2  +  Bx  ya  +  A  x  -  B  y  -  0,  (13) 

where 

A  =  a,  a(x3a  +  l)  =    d(l  -  yia) 

A  —  «— —  B    —  • 

b  =  d,  1        x3  1  y1 

The  asymptotes  of  (13),  obtained  as  in  case  I,  are 

a  » +  ay  ■  .  <»U 

y  =  ix  - 


2(B  -  i  A) 


Ai  +  Bi 

-  ix  - 


( imaginary) 


2(B  +  i  A) 

The  center  of  this  cubic  has  the  co-ordinates 

x  =  -  A(Ai  +  Bi)   ,       y    =    -     B(AX  +  B1 ) 

2(B2  +  A2)   '  2(B3  +~AS)      "r  r' 

As  these  Values  do  not  satisfy  {13)1  the  center  is  not  a  point 
of  the  cubic. 

Tangents.  As  in  Case  I  so,  also,  in  this  case,  there  are  four 
tangents  from  each  circular  point  at  infinity.      These  eight 
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tangents  intersect  in  l6  points,  the  foci  of  the  cubic,  of  which 
only  four  are  real. 

The  invariance  of  cubics  in  the  involutoric  circular 
transformation  follows,  also,  from  a  discussion  of  theAtrans- 
formation      in  connection  with  the  fundamental  quadrangle, 
A^  A2  A3  . 


"^"Emch,  Introduction  to  Projective  Geometry,  Art .  47, 
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CHAPTER  III. 

TRANSFORMATION  II. 

,  _  a  z8  +  /3   z  +r          (z  -  z  )(z  -  z2) 
z 1  -   =  a0   i   or 

§  z  +  z  -  z3 

i      (a0  +  i  b0)(x  +  iy)8  +  (ax  +  i  bj)tx  +  iy)  +  (aa  +  i  b2) 

(a3  +  ib3)(x  +  iy)  +  (a4  +  ib4) 

u  +  iv 

r  +  is  ' 

where 

u  =  a0  x8  -  a0  y2  -  2  b0  x  y  +  ax  x  -  "bi  y  +  a2  , 
v  =  2  a0  x  y  +  1d0  x8  -  -b0  y2  +  ax  y  +  bx  x  +  ba, 
r  =  a3  x  -  t3  y  +  a4, 
s  ■  a3  y  +  t>3  x  +  Id 4. 

z1  =  0  when  u  =  0  and  v  =  0  simultaneously,  or  when  either  (z  ~z\) 
or  ( z  -  z2)  is  zero.  z1  =  a?  when  r  =  0  and  s  =  0  simultaneously; 
that  is,  when 

x  =-a3a*  +  b,a_b±>  y  =b3b*  -  a3b4 
a32  +  b38     '        a32  +  b38 

Rationalizing  the  denoninator,  according  to  Art,  III 

_i  _  ur  +  vs    vl  _    vr-  us 

r2  +  s2'  y    "    r2  +  ~s2  > 

ur  +  vs  =  A  x3  -  B  x2  y  +  A  x  y2  -  B  y  3  +  Cx  x2  +  2  D1  x  y  +  Ei 

y2  +  Fi  x  +  Gi  y  +  Hi  =  0,  (1) 

and 

vr  -  us  s  B  x3  +  A  x8  y  +  B  x  y8  +  A  y3  +  C2x2  +  2  D2  x  y  +  E2 
y2  +  P2  x  +    G2  y  +  H2  =  0,  (2) 


r 
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where 

A  =  a0a3  +  b0b3  >  E2  =  aob4  -  a4bo  +  a-s^i  -  ai^3  i 

B  =  a3b0  -  a0b3  ,  Fx  =  axa4  +  a2a3  +  bxb4  +  b2b3  > 

Cx  =  axa3  +  a0a4  +  bxb3  +  ^o^4i  5*2  =  a3*>2  +  a4^i  "  a2b3  -  axb4  , 

C2  =  a3bx  +  a4b0  -  axb3  -  a0b4,  G1  =  axb4  -  *>ia4  +  b2a3  -  ^3as  > 

'D1  =  a0b4  -  a4b0  ,  G2  -  axa4  -  a2a3  +  bxb4  -  "b2"b3  , 

D2  =  a0a4  +  b0b4  ,  Hx  =  a2a4  +  b2b4  , 

Ei  ~  aia3  "  aoa4  +  ^i^3  "  ^o^^j  H2  a4^a  -  a2b4  . 

be 

Equations  (l)  and  (2)  canAput  in  the  following  form, 
showing  that  they  are  circular  cubics:- 

(x2  +  y2)(A  x  -  B  y)  +  C1  x8  +  2  Dx  x  y    +  Ex  y2  +  1^  x  +  Gx 
y  +  H  =0, 

y        1        '  (1) 

(x2  +  y2)(B  x  +  A  y)  +  C2  x2  +  2  D2  x  y  +  E2  y2  +  Pa  x  +  G2 
y  +  H,,  =  0.  (2) 

Asymptotes To  find  the  asymptotes  of  our  cubics  v/e  proceed 
as  in  transformation  I.      By  this  Method  we  obtain  for  the 

asymptotes  of  cubic  (1)  — 

2  A  B  Di  +  EtA2  +  CiB2  ,       , , 

A  x-B  y  =  -   1.  ...  .  1  £ —  ,  (real) 

B  (B2  +  A2) 
Ci  +  2  i  Di  -  Bi 

y  =   IX  -  , 

2(i  A  -  B) 

Ci  -  2  i  Di  -  Ei 
y  =  -  i  x  +  — 4   - — —  , 

2(i  A  -  B) 


( imaginary) . 


The  intersection  of  the  imaginary  asynptotes;  that  is,  the  center 
of  the  cubic,  has  the  co-ordinates 

2(A2  +  B2)  '     y"  2(A2  +  BT)  * 
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There  are  also  three  asymptotes  to  cubic  (2), 

-b    ^A      _    2  A  D2B  -  E2B2  -  A2  C2  ,       _ , 

B  x+A  y  =   _  ■  1  ,  (real) 

A(  A2  +  B2) 


2  i  D2  +  C2  -  BP 
y  =  ix  +   *  fL  ±  f 

2(A  -  i  B) 

y  =  -  i  x  + 


( imaginary) . 


C2  -  2  i  Dg  -  Eg 


2(A  -  i  B) 

The  cc-ordinates  of  the  center  of  this  cubic  are, 

x  =    B  Eg  -  B  Cg  -  2  A  D2  ^     y  =    A  C2  -  A  E2  -  B  D2 
2(A2  +  B2)  2(A2  +  B2) 

Tangents  from  the  circular  points.    By  putting  y  =  i  x  +  r  in 
equation  (1),  a  quadratic  in  x  is  obtained.      Setting  up  the  con- 
dition for  double  roots  and  simplifying  the  resulting  equation, 
we  obtain  a  biquadratic  in  r.      Hence  we  have  four  tangents  from 
Ij  to  cubic  (l).     There  are  also  four  tangents  from  I2  to  the 
cubic.      These  tangents  intersect  in  the  l6  foci  ,  four  of  which 
are  real,   of  the  cubic.      In  like  manner,  we  have  four  tangents 
from  each  circular  points  at  infinity  to  cubic  (2)  whose  inter- 
sections give  the  4  real  and  12  imaginary  foci    of  this  cubic. 
Special  Case  Assume  as  the  points  z    ,  z    ,  z    ,  the  cube 

X  2  3 

roots  of  unity;  that  is,  let  zx  =  -  1/2  +  i/2  V3,     z2  =  -  1/2  - 
i&  V  5,   z3=  1  and  aQ  =  1. 

The  transformation  in  this  special  case  becomes 
2i  =  ao  (z  -  zx){z  -  z2)  s    z2  +  z  +  1  _  u  +  iv 
z  -  z3  z-l  r+is 

where 

u  =  x2  -  y2  +  x  +  1,  r  =  x  -  1, 

v  =  2  x  y  +  y,  s=y. 
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Rationalizing  the  denominator 
ur  +  vs  s  x3  +  x  y  2  +  2  y2  -  1  -  0,  (3) 
vr  -  us  =  x2  y  -  2  x  y  -  2  y  +  y3  =  0,  (4) 
ra  +  s2  =  x2  -  2  x  +  1  +  y2  =  0.  (5) 
Equation  (5)  can  be  put  in  the  form 

(x  -  l)2  +  y2  =  0,  which  is  that  of  a  zero  -  circle  with  its 
center  at  the  point  (1,  0). 

(3)  and  (4)  can  "be  written  as  the  circular  cubics 
x  (x2  +  y2)  +  2  y2  -  1  =  0,  (3) 
y  (x2  +  y8)  -  2  x  y  -  2  y  =  0.  (4) 

It  is  found  that  x  =  -  2  is  a  real  asymptote  of  (3) 
and  y  =  0  is  a  real  asymptote  of  (4).      The  imaginary  asymptotes 
of  both  (3)  and  (4)  are 
y=ix-i,      y  =  -ix+i. 

The  intersections  of  these  imaginary  asymptotes,  (x  =  1,  y  ■  0) , 
is  a  common  center  of  "both  cubics.     As  these  values  satisfy 
both  equations,  the  center,  z  =  1,  lies  on  both  curves. 

According  to  Art.  V,  there  are  9  points  of  intersection 
of  (3)  and  (4),  three  real  and  six  imaginary.      The  real  points 
of  intersection  are  z1  ,  zg  and  z3.      The  simultaneous  solutions 
of  the  zero- circles  about  z1  and  z2\  that  is,  the  solutions  of 

(x  +  \)2  +  (y  -  ^)2  =  o, 
(x  +  i)2  ♦  (y  +^f)2  =  o, 

2  2 

-  1  +  V^5 
give  y  =  0,  x  =  


_  -  1  -  V^3 

2 


and  y  =  0,  x  =   as  the  associates  of  z    and  z  . 
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These  values  satisfy  both  (3)  and  (4),  hence  they  are  2  of  the 
imaginary  intersections  of  the  curves.    The  associates  of  zg  and 
z3  ,  also  of  z3  and  zx  are  not  points  of  the  curves. 

By  substituting  the  value  of  y  obtained  from  (3)  in 
(4),  we  have  an  equation  of  the  fifth,  rather  than  of  the  ninth 
degree,  in  x.      Hence  the  coefficients  of  the  four  highest  powers 
of  x  are  zero,  which  signifies  that  four  of  the  roots  are  in- 
finite.     Cubic  (3)  represents  a  circular  serpentine  with  an 
infinite  double  point,  Fig.  X  .     (4)  is  the  equation  of  a  de- 
generate cubic,  consisting  of  a  straight  line,  y  =  0,  and  a 
circle  with  z3  =  1  as  its  center.      This  circle,  like  all  others, 
passes  through  the  circular  points  at  infinity.      Since  there  are 
four  imaginary  solutions  of  these  equations  at  infinity  and  both 
(3)  and  (4)  have  but  two  infinite  points,  the  two  curves  must 
have  coincident  intersections  at  these  points;  that  is,  they  must 
be  tangent  at  I1  and  I2, 

a 

i 

ii 


Invariant  points  :   To  obtain  the  invariant  points 

a  z2  +  B  z  +  X 

described  in  Art.  VI,  we  have  z  =  .Therefore,  the 

5  z  +  € 

double  points  are  the  roots  of  the  equation 
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(h  -  a)  z2  +  U  -/3  )  2  -  V  =  0  .  (6) 

Substituting  in  (6)  the  values  of  our  complex  numbers,  it  becomes 
(a3  +  ib3  -  aQ  -  ibQ)(x  +  i  y)a  +  (a4  +  ib4  -  &1  -  ibx)(x  +  iy) 

-  ( a2  +  ib2)  =  u  +  iv  -  0, 
where 

u  =  (a3  -  a0)  x2  -  (a3  -  aQ)  y2  +  2  x  y  (bQ  -  b3)  +  (a4  -  aj 
x  -  (b4  -  bx)  y  -  a2  =  0,  (?) 

▼  =  (bQ  -  b3)  x2  -  (b0  -  b3)  y2  -  2  ( a3  -  a0)  x  y  -  ( a4  -  ax)  y 

-  (b4  -  bx)  x  +  ba  =  0.  (8) 

(7)  and  (8)  are  the  equations  of  hyperbolas.     This  can  be  seen 

more  clearly  if  we  write  them  in  the  following  form:- 

u  =  b  x2  -  by2  +2axy+cx-dy-  e=0) 

v  =  ax2  -  ay2-  2bxy-  dx-  cy+f=0, 

where 

a  =  bo  -  b3,  d  -  b4  -  bj 

b  =  a3  -  a0 ,  e  =  a2> 

c  =  a4  -  f  -  ba. 

The  asymptotes  of  (7)  are  m 

b  c  -  ad  -  d  ya^2" t-  b2 
v£2~+~b2~ 

be  -  ad  +  dVa2™^  b3 


b  y  =  (a  +  Va2  +  b2)  x  + 


d  y 


=  (a  -  vi2  +  b2) 


x  - 


"v^i2"*  b2 


ad  ~  be 

These  asymptotes  intersect  at  the  point,  x  ■    g  ^  ^—  ,     y  = 


a2  bL  -  abc  -  da2  -  db2 
b(  a2  +  b8) 

The  asymptotes  of  (8)  are  ay  =»  (Vb2  +  a2  -  b)  x  - 


ad  -  be  +  cvf^+a2 


2  Vb^  +  c2 
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Their  intersection  is  the  point, 

ad  -  be  _    1)2  c  -  abd  -  cb2  -  aa 

2(b2  +  a2)  a  (b2  +  a2) 


x  - 


Special  Case         Making  use  of  the  cube  roots  of  unity,  as  was 
done  in  the  previous  special  case;  that  is,  placing  aQ  =1,  z±  ■ 

_  i  +  A  v/z      z    s  .  i  4.  i.   \A     7    -  -i     in  the  transformation  z1 
2      2    5'       2         2      2      5»     •  » 


■  ao 


(  Z  -  Zi)  (  z  -  za) 


z  -  z. 


,  the  invariant  points  are  the  roots  of  the 


Z2  +2+1 

equation  z  =  •  -  -  -  =- 

z  -  1 


(9) 


Simplifying  (9)  we  have 
2z  +  l=  0  =  u+iv, 
where 

u  =  2  x  +  1,      (10)     and  v  =  2  y.  (11) 

Thus,  we  have,  in  this  special  case,  two  straight  lines, 
one  of  which  is  the  x  -  axis  and  the  other  a  line  parallel  to 
the  y  -  axis.      Therefore,  u  +iv  =  0  consists  of  a  degenerate 
equilateral  hyperbola,  Pig.  XI,  whose  center  is  x  =  -  l/2,  y  =  0. 

3 


H4 


D 


Pig.  XI. 


BRANCH  POINTS. 

In  the  transformation 
.      a  z8  +  13  z  +r    _        (z  -  2L)(z  -  z2) 

;  =  "TTTT  "  "  a°  - 


(12) 


(z  -  z3) 

to  every  value  of  z,  corresponds  uniformly  z1;  but  to  every  value 
of  z1,  corresponds,  in  general,  two  distinct  values  of  z.  For 
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any  value  of  z1  we  may  write  (12)  in  the  form  A  z2  +  B  z  +  C, 
(13),  where  A,  B  and  C  are  linear  functions  of  z1.      The  particular 
values  of  z1  for  which  (13)  has  two  equal  roots  are  found  by 
placing  B2  -  4  A  C  =  0.     From  (12)  we  get  A  =  a,  B  =  /?  -  z1, 
C  =   if-  .        Substituting  these  values  in  the  condition  for 

equal  roots,  we  obtain  the  two  values  of  z1, 

Special  Case .        Again  making  use  of  the  cube  roots  of 

unity  as  our  particular  points  z3  ,  z2  and  z1  and  letting  a0=  1, 

z2  +  z  +  1 

z1  =   ;  

z  -  1 

or  z2  +  z  (1  -  z1)  +  z1  +  1  =  0.  (14) 

Here  A  =  1,  B  -  1  -  z1,  C  =  z1  +  1  and  the  branch  points  are 

SsJ  ,  I  t :  2  V3. 

Since  z1  =  x1  +  iy1, 
I1  a  3  +  2        ,    y  =  0. 

Substituting  z1  ■  3  +  2  V$  in  (14)  we  have  as  the  multiple  points 
in  the  z-plane, 

x  =  1  +  V  3  )  X  «  1  -  V  3 

>  and 

y  =  0  J  y  =  0  . 

In  order  to  investigate  the  curve  in  the  z-plane,  into 
which  a  line  through  the  branch  point,  Z1  =  3  +  2  V  3>  and  par- 
allel to  the  y^axis,  is  transformed,   separate  the  real  and  im- 
aginary parts  of  equation  (14). 
This  gives, 

u  =  x2  -  y2  +  x  -  x1  x  +  y1  y  +  x1  +  1  =  0,  (15) 

v=2xy-xy1+y-xiy+y1=0.  (16) 
Equating  the  values  of  y1  obtained  from  (15)  and  (l6),  the 
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resulting  equation  is  that  of  the  transformed  line.  We  have 
2  y2  +  2  x1  x  -  x1  -  1  +  x  ya  +  x3  -  x1  x2  -  x1  y2  =  0,  (17) 
where  x1  =  3  +  2  V  3. 

The  slopes  of  the  tangents  to  this  curve  at  the  multiple  point, 
x  =  1  +  A/  3 ,  y  =  0,  are  found  by  substituting  these  values  in 
the  general  equation  of  a  tangent,  (y  -  yx)  =  m  (x  -  xj  ;  and  then 

substituting  this  value,  y  =  m  (x  -  1  -  *\/3),  and  also  x1  =  3  + 
2  V  3  in  (17). 

The  equation   when  factored,  is  ^x  -  (  1  +  V  3) j  2  |x  m2  -  m2 
2  V  3  m2  +  x  -  /}  =  0. 

From  this  we  have  m,  the  slope  of  the  tangents,  equal  to  +  1; 
that  is,  the  product  of  the  slopes  is  -  1.      Hence  the  branches 
of  the  curve  through  the  multiple  point,  x  =  V$  +  1,  y  =  0,  in 
the  2-  plane,   intersect  at  right  angles,  Pig.  XII. 


I 
1 


I 

XI 


Pig.  XII. 


Transforming  the  line  z1  =  3  -  2  V  3,  by  the  same 
method,  we  find  that  the  branches  of  the  resulting  curve  inter- 
sect orthognally  at  the  multiple  point  x  =  1  -  V  3,  y  =  0. 
These  results  ver  ify  the  theory  of  art.  VII,  which  states  that 
consecutive  branches  through  the  multiple  point  form  equal 
angles  with  each  other. 
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CHAPTER  IV. 

TRANSFORMAT I  ON  III. 

zi  =  SL.y.    =  a0  2  "  2*   or 

^Z  +  S  Z  +  *  (z-  z,)(z-  zj 


zl  =    (aQ  +  i  bQ)(x  +  iy)  +  (a,  +  i  b_)   s  u  +  It 

(a_  +  i  b2)(x  +  iy)2  +  (a3  +  ib3)(x  +  iy)  +  ( a  _  +  ib_)  r  +  1 

where 

u  =  a0  x  -  bQ  y  +  ax  , 
v  =  a0  y  +  bQ  x  +  b_  , 

r  =  a2  x2  -  a2  y2  -  2  b2  x  y  +  a3  x  -  b3  y  +  a_  , 
s  =  b2  x2  -  b2  y2  +  2  a8  x  y  +  b3  x  +  a3  y  +  b4  • 

z1  =  0  when  u  =  0  and  v  =  0  simultaneously;  that  is,  when  x  =  - 

ao  ai  +       bi           ai  ^o"  ao  bi 
—   ;  y  =  — • 

a02  +  Tdq2  a02  +  h02 

z1  =  oo  when  r  -  0  and  s  =  0  simultaneously,   or  when  either  (z  -  z2) 
or  (z  -  z3^  are  zero. 

Separating  the  real  and  imaginary  parts,  according  to  Art.  IV 


X    =  r2  f  s8»  7    "  r2  +  s2  ' 


ur  +  vs  =  A  x3  +  b  x2  y  +  A  x  y2  +  b  y3  +  C_  x2  +  2  D_  x  y  +  E_ 

y2  +  P_  x  +  G_  y  +  H_  =  0  (1) 
and 

vr  -  us  =  B  x3  -  A  x2  y  +  B  x  y2  -  A  y3  +  G_  x2  -  2  D    x  y  +  E 

2  2  2 

y2  +  J2  x  +  G2  y  +  H2  =  0,  (2) 
where 
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A  - 

ao&2  +  d0d2, 

TP 
E2 

aia2 

4. 

i 

a3b0 

a  Vi 
a0D3 

a  V> 
a2Dl 

i 

JB  - 

a2D0    "  a0D2» 

TP 

alaS 

4. 

a0a4 

X 

I 

D1D3 

X 

i 

DQD4 

> 

n  — 
Cl  " 

a0a3    *  ala2 

i 

T 

■U  v> 

0  3 

+  D1D2, 

TP 

a3Dl 

aiD3 

4> 
i 

a  "h 

a0D4 

j 

c2  - 

a8"bi  +  a3^o 

o  Vi 

a1t)2 

a0D3» 

f} 
Ul 

a  "b 

a  Vi 
aiD3 

a  "h 
*4D0 

4. 

1 

a  "h 
a3Dl 

i 

^la8   "  a1^2 

> 

»2 

a0a4 

ala3 

+ 

bQb4 

13^3 

» 

»2  = 

aia2   +  M» 

> 

Hi 

aia4 

V4 

> 

E,  = 

a0a8   "  ala2 

+ 

^0^3 

"  bll32» 

H2 

a4bl 

ait>4 

> 

(1)  and  (2)  are" circular  cubics  as  is  seen  from  the  following 
forms  :- 

(1)  (x2  +  y2)(A  x  +  B  y)  +  Cx  x2  +  2  Dx  x  y  +  Ex  ys  +  Px  x  +  Gx  y 
+  Hi  =  0, 

(2)  (x2  +  y2)(B  x  -  A  y)  +  C2  x2  -  2  D2  x  y  +  E2  y2  +  F2  x  +  G2  y 
+  H2  =  0. 

r2  +  s2  =  0  is  the  product  of  two  zero-circles  about  z2 
and  z3  as  centers. 
Proof 

(z  -  za)(z  -  z3)  =  r  +  is. 

Let  z2  =  a2  +  it  2  and  z3  ■  a3  +  ib8, 

Then  (z  -  z2)(z  -  z3)  -    £(x  +  iy)  -  (aa  +  ib2)J  £(x  +  iy)  - 
(a8  ¥  ib3)]     =   [(x  -  a2)  +  i  (y  -  b2)J  [(  x  -  a3)  +  i  (y  -  b3)j 

*  [(  x  -  a2)(x  -  a3)  -  (y  -  b2)(y  -  b3)J  +  i  £(y  -  b2)(x  -  a3  ) 
+  (y  -  b3)(x  -  a2)J  =  r  +  is. 

[(x  -  a2)(x  -  a3)-(y  -  b2)(y  -  b3)j   -  i    [(y  -  b2)(x  -  a3)  + 
(y  -  ba)(x  -  a2)J    =  r  -  is. 

(r  +  is)(r  -  is)  =  r2  +  s 2  which,  when  simplified,  becomes 


(3) 
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[(x  -a2)8  +  (y  -  b2  )8J  [*(x  -  a3)2  +  (y  -  b3)^    =  0. 

zero,  is  t/»4  «q_aitiowo*a 

The  first  factor  of  (3)  placed  equal  toAzero-  circle  about  zg  as 

a  center,  and  (x  -  a3)2  +  (y  -  "b3)2  =  0,  is  the  zero-circle  with 
zg  as  center. 

Asymptotes :-      To  find  the  asymptotes  of  our  curves  we 
proceed  as  in  transformation  I.    By  this  method  we  obtain  for  the 
asymptotes  of  cubic  (1) 

A  x  +  B  y  =   i — — i  i —    ,  (real) 

B  (B2  +  A2) 


I,  -  2  i  Di  -  Ci 
y  =  ix  +    _i   , 

2  (i  A  -  B) 


y  =  -  ix  -    Ei  +  2  1  pi  -  °i 


( imaginary) 


2  (i  A  +  B) 


The  intersection  of  the  imaginary  asyptotes;  that  is,  the  center 
of  the  cubic,  has  the  co-ordinates 

X.AE1-AC1-2BD1  ?  j  m    B  E!  -  B  Cx  -  2  A 
2  (A2  +  i2)  2  (A2  +  B2) 

There  are  also  three  asymptotes  to  cubic  (2) 

■p  -yr       a  v  -       C2A2  +  2  A  DJ8  +  E.B2 

B  x  -  A  y  .  f  2 —    ,  (real) 

A  (A2  +  B2) 
y  =  ix  +    B,  -  2  i  D8  -  C,  f 


2  (A  +  i  B) 


( imaginary) 


y  =  -  ix  +   E»  +  2  1  D»  -  ca 

2  (A  -  i  B) 

The  co-ordinates  of  the  center  of  cubic  (2)  are 


\ 
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2  A  D2  +  B  Ea  -  CaB  A  Ea  -  A  C2  -  2  B  Da 

*  "  2  (A2  +  B2)  '  y  "  2  (A2  +  B2) 

Tangents  from  I1  and  Ia  :-        Placing  y  =  ix  +  rf in  equation  (l), 
a  quadratic  in  x  is  obtained.      Setting  up  the  condition  for 
double  roots  and  simplifying  the  equation,  a  biquadratic  in  r  re- 
sults.    Hence  we  have  4  tangents  from  1^  to  cubic  (l).  There 
are  also  4  from  Ia  to  the  cubic.      These  tangents  intersect  in  l6 
points,   only  4  being  real,  the  foci,    of  the  curve.      In  like 
manner  we  have  4  tangents  from  each  circular  point  at  infinity  to 
cubic  (2),  whose  l6  intersections  give  the  foci     of  the  cubic. 
Special  case .      Taking  the  cube  roots  of  unity  for  our  particular 
points?  that  is,  letting  zx  ■  1,  Z2=~2+2V5'   z3  =  "  |  "  \  V5, 

and  a0  =  1 , 
we  have 

,  z  -  z1  _  z  -  1  . 
z1  -  a0   z   -   1 — — j—r-  z  -  1 

(z  -  z3)(z  -  £3)       (z  +  ±  -  M)(z  +  I  +    M)=  z2+z'+l 

^2  2  2 

where  u  +  !▼ 

r  +  is 

u  =  x  -  1, 

t  =  y, 

r  =  x2  -  y2  +  x  +  1, 

s  =  2xy  +  y  =  0. 

Rationalizing  the  demominator 

ru  +  sv  =  x3  +  x  y2  +  2  y2  -  1  =  0  (4) 
and 

rv  -  su  x  2  x  y  -  x2  y  -  y3  +  2  y  =  0.  (5) 

(4)  and  (5)  can  be  written  as  the  circular  cubics, 

(x2  +  y2)  x  +  2  y2  -  1  =  0^ 

(x2  +  y2)  y-2xy-2y  =  0. 
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We  find  that  x  =  -2  is  a  real  asymptote  of  (4)  and  y  3  0 
is  a  real  asymptote  of  ( 5) •      The  imaginary  asymptotes  for  both 
(4)  and  (5)  are 
y  58  ix  -  i, 
y  -  -  ix  +  i. 

The  intersections  of  these  imaginary  asymptotes,   (x  s  i,  y  =  0), 
is  a  common  center  of  both  cubics.      As  these  values  satisfy  both 
equations,  the  center,  z  ■  1,  lies  on  both  curves.      According  to 
Art.  V,  there  are  nine  points  of  intersection  of  (4)  and  (5)» 
three  real  and  six  imaginary.     Zlt  Za  ,  and  Z3  are  the  real  points 
of  intersection.      The  simultaneous  solutions  of  the  zero-circles 
about  Z2  and  Z3  ;  that  is,  the  solutions  of 

(x  ♦  |)2  +  (y  -£)a  =  0, 

(x  ♦  i)2  +  (y  +  =  0, 

*  2 

give  y  =  0,  x  =       1  +  V  -  3 

2 

and  y  ■  0,     x  =        *  ^-  V  r ,  3    as  the  associates  of  Z2  and  Z3. 
These  values  satisfy  both  (4)  and  (5);  hence  they  are  2  of  the 
imaginary  intersections  of  the  curves.      The  associates  of  Z«  and 

Z1  also  of  Z3  and  Z1  are  not  points  of  the  curves. 

By  substituting  the  value  of  y  obtained  from  (4)  and  (5)>  we 
obtain  an  equation  of  the  f if thf rather  than  the  ninth  degree  in 
x.      Hence  the  coefficients  of  the  4  highest  powers  of  x  are  zero, 
which  signifies  that  4  of  the  roots  are  infinite.      Equation  (4) 
represents  a  circular  serpentine  with  one  infinite  double  point, 
Pig.  XIII.       (5)  is  the  equation  of  a  degenerate  cubic  consisting 
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of  a  straight  line,   the  x  -  axis,  and  a  circle  with  Z  =  1  as 
center.      The  circle  passes  thr<vu  the  circular  points  at  infinity. 
Since  there  are  4  imaginary  solutions  of  these  equations  at  in- 
finity,   and  both  (4)  and  (5)  have  but  tv/o^ points,  the  two  curves 
must  have  coincident  intersections  at  these  points;  that  is,  they 
must  he  tangent  at  I,  and  I_ 

3 


Pig  XIII. 

Invariant  points :-      To  obtain  the  invariant  points 

Then,  the 


described  in  Art.  VI, place  z  =    a  2  *  ~@  

'  rz2  +  h  z  +■€ 


double  points  are  the  roots  of  the  equation 
>fz3  +  S  z2  -  a  z  +  -6  z  -  /3  -  0.  (6) 

Substituting  the  values  of  the  complex  numbers  in  (6), 

(a2  +  i  b2)(x  +  iy)3  +  ( a3  +  ib3)(x  +  iy)2  +  ( a4  +  ib4-  a^bj 

(x  +  iy)  -  (ax  +  i  bj)  ■  u  +  iv  =  0. 

u  =  a2  x3  -  3  b2  x8  y  -  3  aa  x  y2  +  b3ya  +  a3  x2  -  2  b3  x  y  -  a3 

7s  -  (aQ  -  a4)  x  +  (bQ  -  bj  y  -  a    =  0,  (7) 
and 

v  =  b2  x3  +  3  a2x2  y  -  3  b2  x  y2  -  a2  y3  +  b3  x2  +  2  a3  x  y  -  b3 

y2  -  (b0  -  b4)  x  -  (a0  -  a4)  y  -  "bi  -  0.  (8) 
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According  to  Art.  VII,   there  are  3  quadrangles,   the  co-ordinates 
of  whose  vertices  satisfy  the  equation  u  +  iv  =  0.     There  are 
only  3  real  vertices,  the  other  6  are  imaginary,  each  real  pair 
corresponds  to  two  distinct  associates.      The  total  number  of 
vertices  is  nine;     they  are  the  intersections  of  u  =  0  and  v  =  0. 
Special  C^jse^         Again  making  use  of  the  cube  roots  of  unity,  we 

let  zi  =  1,  z    =  -  i  +  W*L  ,  *    *  -  I  -  and  a0  =  1. 

2        2  2  2 

Then 

z  =  ao  z  ~  zi  -  z3  +  z2  +  1  =  (x+iy)3+(x+iy)2+l=u+iv=0, 

(z  -  z2)(z  -  z3) 

where 

u  =  x3  -  3  x  y2  +  x2  -  y2  +  1  =  0,  (9) 

v  =  y3-$x2y-2xy  =  0.  (10) 

u  =  0  and  v  =  0,  are  the  equations  of  two  cubics. 

Equation  (9)  represents  a  circular  cubic  with  an  isolated  point 

on  the  x  -  axis,  and  two  branches,  Fig.  XIV.      There  are  three 

real  asymptotes,  which  are  concurrent  at  x  -  -  1  ,  y  =  0.  One 

1  3 
asymptote  is  x  =  -  j,  and  the  slopes  of  the  other  two  are  +  1/3 

V3.      Hence,  the  asymptotes  make  angles  of  60°  with  each  other  and 
the  equation  is  that  of  an  equiangular  curve  of  the  third  order, 
or  a  stelloid*  of  the  third  order.      Equation  (10)  consists  of  a 
straight  line,  the  x  -  ax  is,  Pig.  XIV,  and  an  hyperbola  whose 
center  is  x  =  -  1/3,  y  =  0.      One  asymptote  coincides  with  the 
x  -  axis,  the  slopes  of  the  other  two  are  +  V$ .     The  asymptotes 
are  concurrent  at  x  =  -  1/3,  y  =  0,  and  make  equal  angles  with  each 
other.      Therefore,   (10)  is  also  an  equiangular  curve  of  the  3rd 
*Ft  Lucas,  loc.  cit.  in  historical  sketch.      Rhizic  curves  by 
Walton,  loc.  cit 
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order.       (9)  and  (10)  have  the  same  center,  and  each  is  symmetrical 
with  respect  to  the  x  -  axis.      The  asymptotes  of  each  curve  "bi- 
sect the  angles  "between  the  asymptotes  of  the  other. 


Branch  points.      For  any  value  of  z1  we  may  write 

21  =  \\*fs  in  the  f°m 

A  z8  +  B  z  +  C  =  0,     (8)  where 

A  =  z*  r  ,     B  =     $  z1  -  a,     C  -     4  z1  -/£  . 

To  find  the  particular  values  of  z1  for  which  (8)  has  two  equal 
roots  we  place  B2  -  4  A  C  =  0.       This  gives  the  equation 
[6  z1  -  a)2  -  4  (zir)(-€  zi  -<3)  =  0.  (9) 

Solving  (9)  for        we  have  the  two  branch  points  of  the  z1  plane. 
Special  C^ase.     Again  making  use  of  the  cube  roots  of  unity,  let 
zx  -  1,   z2  =  -  l/2  +  i/2(V3\ 

Z3  =  -  l/2  -  |-  V5  and  a0  =  1. 

With  these  conditi ons, our  transformation  becomes 

1        z  -  1 

z1  =       „    or 

*  z*  +  z  +  l 

z1  z8  +  zi  z  +  z1  -  z  +  1  =  0.  (10) 
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a  .  2 

Applying  the  conditions  for  equal  roots,   z1    -  z  z1  +  1  -  4  z1 

-  4  z*  =  0. 

From  this  z1  ■  -  1  +  2/3(v3)  »  which  values  give  the  branch  points 
in  the  z plane.     Since  z1  =  xx+i  y1,  the  co-ordinates  of  the 
branch  points  are  x1  =  -  1  +  2/3 (y3)>  y  =  0;  and  x1  =  -  1  -  2/3 (v^, 
y  =  0. 

Substituting  the  values  of  z1  in  (10),  we  have  as  the  multiple 
points  in  the  z  -  plane,   z  =  1  +  V5» 

The  co-ordinates  for  these  points  are  x  =        +  1,  y  -  0;  and  x  ■ 
l-^i     y  =  0.     (10)  may  be  written  in  the  form 
(x1  +  iyx)(x  +  iy)2  +  (x1  +  iyx)(x  +  iy)  +  (x1  +  iy1)-(x  +  iy) 
+  1  ■  u  +  iv  =  0,  which  is  true  when,  simultaneously,  u  s  x1  x2 

-  x1  ya  -  2  x  y1  y  +  x1  x  -  y  y1  +  x1  -  x  +  1  =  0,  (11)  and 
v  £  2  x  x1  y  +  y1  x2  -  yxy2  +  y1  x  +  x1  y  +  y1  -  y  =  0.  (12) 
Equating  the  values  of  y1  obtained  from  (11)  and  (12)  we  have 
the  equation 

x*x*  +  2  x1  x2  y2  +  2  x1  x3  +  3  x1  x2  -  x3  +  x1  y4  +  2  x1  x  y2  -;y- 
2  y2  +  2  x1  x  +  x1  +  1  -  x1  y2  =  0.  (13) 

If  x1  =  -  1  +  2/3(v3^in  (13)>   it  becomes  the  equation  of  the  curve 
in  the  z  -  plane,   into  which  a  line  parallel  to  the  y  -  axis,  and 
drawn  through  the  branch  point,   z1  =  -  1/2  +  2/3 (V^,   is  trans- 
formed.     By  substituting  the  co-ordinates  of  the  corresponding 
multiple  point,  x=v3+l»y=0,   in  the  general  equation  of  the 
tangent,  we  have  y=m(x-v3  -  1).      Letting  y  =  m  (x  -  V5  -  l), 
and  x1  =  -  1  +  2/3  V3,  in  (16),  and  factoring  the  resulting 
equation,  (x  -  V3  -  1 )  2  [2  x2  (2/3  V3  -  1)  m2  +  m4,  (2/3  V3  -  1) 
(x  -  V3  -  l)2  +  2  x  (2/3  V3  -  1)  m2  -  x  m2  -  2  m2  -  (2/3  V5  -  l) 
m2  +  2/3  V3  x2  -  x2  +  2/3  V5  x  -  x  +  2/3  Vb  -  lj    =0.  (14) 
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Dividing  through  "by  the  first  factor,  the  equation  "becomes 

2  x8  (2/3  V5  -  1)  m2  +  m4  (2/3  V3  -  D(x  -  v3  -  l)2  +  2  x  (2/3  V3 

-  1)  m2  -  x  m2  -  2  m2  -  (2/3  V3  -  1)  m2  +  2/3  V3  x2  -  x3  +  2/3  V3x 

-  x  +  2/3  V3  -  1  =  0.  (15) 
Since  x  =  V3  +  1,  the  second  term  vanishes  and  m2  =  1,  ar  m  =  +  1, 
Since  the  product  of  these  slopes  is  -  i,  the  "branches  through 
the  multiple  point  z  =  V3  +1,  intersect  at  right  angles.  In 
like  manner,  the  slopes  of  the  tangents  through  the  multiple  point 
2  =  1  -  v3  also  have  their  product  equal  to  -  1,  and,  therefore, 
the  "branches  intersect  orthogonally,  which,  again  is  in  agreement 
with  the  general  theory. 
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CHAPTER  V. 
Transformation  IV. 

Zl   =   *    Z*   +    f*Z   +Y       a  ao    (z  -    2x)(z   -    Z2)  Qr 
$Z2    +    «  Z   +  03  (z   -    Z3)(Z   -  Z4) 

.  (a0  +  ib0)(x  +  iy)a  +  (ax+  ibx)(x  +  iy)  +  (a2+  i  b2) 

zA  =  u+iv 

(a3  +  i  b3)(x  +  iy)2  +  ( a4  +  ib4)(x  +  iy)  +(a5+ib5)  ^s", 

where 

u  =  a0  x2  -  a0  y2  -  2  b0  x  y  +  ax  x  -  bx  y  +  a3  , 

v  =  2  a0  x  y  +  b0  x2  -  b0  y2  +  ax  y  +  bx  x  +  b2  , 

r  =  a3  x2  -  a3  y2  -  2b3  x  y  +  a4  x  -  b4  y  +  a5  , 

s  =  2  a3  x  y  +  b3  x2  -  b3  y2  +  a4  y  +  b4  x  +  b5  , 

z1  =  0  when  u  =  0  and  v  =  0  simultaneously,   or  when  either  (z-zx) 

or  fz-za)  is  zero. 

zi  =  oo  when  r  =  0  and  s  =  0  simultaneously,  or  when  either  (z-z3) 
or  (  z-z4)  is  zero. 

Rationalizing  the  denominator,  according  to  Art.  Ill, 
xi  _  ur  +  ys  i  _  vr  -  ua 

r2  +  s2     '  r2  +  s2 

ur  +  vs  =  A|        +  2  A1  x2  y2  +  Ax  y*  +  Bx  x3  +  Cx  x8  +  D  iy8  +  bx 
72  +  Dj  x2y  +  B1xy2  +  2F1xyH1x  +  H1y  +  L1  =  0l  (1) 
Tr  -  us  =  A2  x*  +  2  A8  x2  y2  +  A2  y*  +  B2  x3  +  C2  x2  +  D2  y3  +  E2 
y2  +  D2  x*  y  +  B2  x  y2  +  2  Pa  x  y  +  G2  x  +  H2  y  +  L2  =  0,  (2) 
where 

Al  =   a0a3   +  Vs» 

Bl   =    a0a4   +   aia3    +   blb3   +   b0b4,  ' 

Cl=    a0a5   +   aia4   +    a2a3    +  b0*5   +   t>lb4   +  b2b3, 

Dl   =    a3bl   +   a0bft   "    aib3   "  a4*0> 

E,  =  aia4  "  aoa5  "  a2a3  -  bib4  -  bobs  -  b^bj, 
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y  = 

i 

a«b  ■ 

0  5 

-  a«brt  + 

5  0 

a«b  „  -  a  „b  _ , 

3    2           2  3» 

G  = 
l 

+  a.  „a  *  + 

^2  4 

b  ,  b  .  +  b  «b  a  . 

1    5           2  4> 

H,  = 
l 

alu5 

15 

a^i  b  0  -  a  «,b  a  • 

4    2             2  4* 

l 

a  o  a  e 

+  b  oId  k  i 

2  5' 

■ 

3  0 

-  anbQ, 

2 

-  a ,b«  - 

13 

a«b  /i  +  a«b , . 

0   4          3    1  * 

Co  - 
2 

a  aTd  i 

-  a,bA  + 

14 

a.b„  -  a„b o  +  aBbrt  « 

3    2           2   3           5  0 

0   5  * 

2 

™  13 

b  rtb  yi —  b  i  b  o . 

0    4  13> 

2 

*  1 

-  a  n  Id  a  + 

14 

a  ob  o—  a0bo  +  a«b«  — 

2    3        3    2           0  5 

5    0 ' 

2 

a  a  a  k 

—     a  a  3,9  + 

b  ob  k  —  bobo. 

G2  = 

a4  Id  2 

-  a2b4  - 

^5  +  bia5> 

H2  = 

ala5 

-  a  2  a4  + 

"blb5    "  "b2t4> 

^2  - 

b2a5 

-  a8b5 , 

r8  + 

A3  x*  +  2  A3  x2  y2  +  A3  y4  + 

2  x3 

+  E3 

y2  + 

2  D3  x2  y  +  2  B3  x  y2  +  4  F3 

x  y  +  2 

L«  = 

0, 

(3) 

where 

*3 

=  Sb5 

a5b3> 

G3 

=  a4a5 

+ 

b4b5» 

H3 

=  a4b5 

a5l34  » 

L3 

+ 

V> 

A3   =    a32   +  V> 

B3  ■  a3a4  +  b3b4, 
C3  =  2  a3a5  +  2  b3b5+  aA2  +  l42, 

^3   =    *3^4    "  a4b3> 

E3  =  aA2  -  2  a3a5  +  b42  -  2  b^, 

That  (1),   (2)^11(1  (3)  are  the  equations  of  bicircular  quartics  can 
be  seen  from  the  following  forms  in  which  they  can  be  written, 
A1  (x2  +  y2)2  +  (x2  +  y2)(B1  x  +  Dxy)  +  CL  x2  +  Ex  y2  +  2  1^  x  y 
+  Gx  x  +  Hx  y  +  Lx  =  0,  (1) 


t 
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A2(x2  +  y2)2  +  (x2  +  y2)(B2  x  +  D2y)  +  C2  x2  +  E2y2  +  2  P2  x  y  + 
Ga  x  +  H2  y  +  L2  =  0,  (2) 

A3  (x8  +  y2)2  +  2  (x8  +  y8)(B3  x  +  D^)  +  C3  xa  +  E3  y8  +  4  F3  x 
y  +  2  G3  x  +  2  H3  y  +        0.  (3) 

Asymptotes.        By  proceeding  as  in  transformation  I, we  find 
there  are  two  pairs  of  asymptotes  to  "both  (1)  and  (2).  The 
slopes  of  each  pair  are  m  =  +_  i,  hence  there  are  no  real  asymptotes 
to  these  curves. 

Tangents  from  the  circular  points,  -  Substituting 
(iX  +  r)  for  y  in  equation  (1)  and  proceeding  in  the  usual  way, 
we  find  there  are  four  tangents  from  Ii  to  the  quart ic.  There 
are  also  four  tangents  from  Ig  to  this  quartic.      These  two  pencils 
of  four  tangents  each,  intersect  in  the  l6  foci  of  the  "bicircular 
quartic,   of  which  four  are  real.*" 

Special  Case : -      Assume  as  the  points  z_,   zg,   z3  and  z4 

the  fourth  roots  of  unity;  that  is,  let  z,  =1,  z0=  -  1,  z_  = 
i,   z4  =  -  i  and  a    =  1.      The  transformation  in  this  special  case 
becomes 

z1  =  a    ( z  "  -  z2)     .  z*  *  1    =  u  +  iv 

(z  -  Z3)(z  -  Z4)        z2  +  l        r  +  is  ' 

where 

u  »  x8  +  y8  -  1,  r  =  x2  -  y2  +  t} 

v  =  2  x  y,  s=2xy. 

Rationalizing  the  denominator, 

ur  +  78  =    (x2  +  y8)8  -  1  =  0f  (4) 

vr  -  us  =  4  x  y  =  0>  (5) 

r2  +  s2  =  (x2  +  y2)2  +  2  x2  -  2  y8  +  1  =  0.  (6) 


^Loria,  loc.  cit.  p.  Il8. 
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(4-)   and  (6)  are  the  equations  of  degenerate  bicircular  quartics, 
while  (5)  is  that  of  a  degenerate  hyperbola  consisting  of  the  x- 
and  y-axes,     Fig.  XV.      All  three  curves  are xof  course  symmet- 
rical with  respect  to  the  origin. 

1 


Pig.  XV. 

For  the  invariant  points,  described  in  Art.  VI,  we  have 
the  roots  of  the  equation. 

«  =  **L±£-*+l.  .  (7) 

J22   +   4  Z   +  O) 

(7)   is  the  equation  of  the  cubic    $  z3  +  (  •€   -  a)   z2  +  (a)  -(*) 

z  -  r  =  o.  (8) 

Substituting  in  (8)  the  values  of  the  complex  numbers,   it  becomes 

(aa  +  i  b3)(x  +  iy)3  +  (a4  +  ib4-  a0  -  i  b0)(x  +  iy)2  +  (a5  +  i  b5 

-  ax  -  i  bx)(x  +  iy)  -  ( a2  +  ib2)  =  u  +  iv  =  0,  (9) 

in  which 

u  =  a3  x3  -  3  b3  x2  y  -  3  a3  x  y2  +  b3  y3  +  A  x2  -  A  y2  -  2  B  x  y 

+  C  x  -  D  y  -  a2, 

v  =  b3  x3  +  3  a3  x2  y  -  3  b3  x  y2  -  a3  y3  +  B  x2  -  B  y2  +  2  A  x  y 

+  D  x  +  C  y  -  b2, 
and 

A  =  a4  -  a0,  C  =  a5  -  ax, 

B  =  b4  -  b0,  D  =  bs  -  bi. 
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According  to  Art.  V  in  the  General  Theory,  there  are 
three  quadrangles  the  co-ordinates  of  whose  vertices  satisfy  the 
equation,   u  +  iv  =  0;  "but  there  are  only  three  real    and  six  im- 
aginary points  used  as  vert ices  ^because  a  real  pair  corresponds  to 
two  distinct  associates.      The  total  number  of  vertices,  therefore, 
is  nine.       They  are  the  intersections  of  u  =  0  and  v  =  0. 
Special  Case  --      Making  use  of  the  fourth  roots  of  unity  as  was 
done  in  the  previous  special  case,*  that  is,  letting  z^  =  1,  zg  = 
-  1,   z    =  i,   z    =  -  i  and  a    =  1,  in  the  transformation 

3  4  0 

.  (2«z)(Z"  Z) 

z    ~  a   i  2     ;  the  invariant  points  are  the  roots  of 

(z  -  z3)(z  -  z4) 

the  equation    z    ■      7,2  "  3.  ^  .(10) 

z2  +  1 

Simplifying  (10)  we  have  z3  -  z3  +  z  +  1  =  (x  +  iy)3  -  (x  +  iy)3 

+  (x  +  iy)  +  1  =  u  +  iv  =  0, 

where 

u  =  x3  -  3  x  y3  -  x3  +  y3  +  x  +  1  *  0,  (11) 
▼  5  3  x3  y  -  y3  -  2  x  y  +  y  =  0.  (12) 

(11)  is  the  equation  of  a  cubic  which  is  symmetrical  to 
the  x  -  axis.      The  equations  of  its  asymptotes^ which  are  all 
real,  are  found  to  be 
x  -  1/3 , 

9ys3V3*-\/3> 
9y  =  -3V3x  +  \/3, 

These  asymptotes  are  concurrent  at  the  point,  x  =  l/j,  y  =  0. 
Since  the  slopes  of  the  last  two  tangents  are  +  1/3  V  3,  the 
asymptotes  form  eq.al  angles  with  each  other  and  the  cubic  is  an 
equiangular  curve  of  the  third  order,  Fig.  xvi. 
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Pig.  XVI. 

(12)  is  the  equation  of  a  degenerate  cubic  consisting 
of  a  straight  line^  the  x  -  axis^and  an  hyperbola.      The  center 
of  this  cubic  is  the  same  as  cubic  (11).      The  asymptotes  of  the 
hyperbola  form  angles  of  60°  degree  with  each  other  and  also  with 
the  X  -  axis,  the  third  asymptote  of  the  cubic.      Therefore  this 
cubic  is  also  an  equiangular  curve  or  stelloid  of  the  third  order. 
Again^the  asymptotes  of  one  curve}  bisect  the  angles  between  the 
asymptotes  of  the  other. 

Branch  points.      In  the  transformation  z1  =  «0 

(z  -  2l)(z  -  z8)  =  <xz2  +  fj  z  +  r  -V,  to  every  value  of  z* 

(z-z4)(z-z„)         £  z2  +  €  z  +  o> 

corresponds,  in  general,  two  distinct  values  of  z.      For  any 

value  of  z1  we  may  write  (13)  in  the  form  A  z2  +  B  z    +  C  ±rO>  jf) 

where  A,  B,  and  C  are  linear  expressions  in  z1.      For  equal  roots 

in  (14)  we  must  have  B2  -  4  A  C  =  0.       Substituting  the  values 

for  B,  A  and  C  in  this  equation,  we  have, 

(  4  a1  -/2>)2  -  4  (  S  z1  -  a)(co  z1  -f)  =  0.  (15) 

The  values  of  z1  obtained  from  (15)  are  the  branch  points  in  the 

zL  plane. 
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Special  Case  --    Making  use  of  the  same  particular  points,  the 

fourth  roots  of  unity,  which  we  have  used  in  the  other  special 

cases  of  this  chapter,   and  letting  aQ  =  l,our  transformation  re*- 

duces  to    z1  =  Zl  "  *  or  A  z2  +  B  z  +  C  =  0,  (l6) 

•f  +  1 

where 

A  =  ( z1  -  1) ,        B  =  0,        C  =  z1  +  1. 

Using  the  condition  for  equal  roots,  and  solving  the  resulting 
quadratic,  we  get,   as  the  "branch  points,   z1  ■  +  1,      Prom  which 
x1  =  +  1,  y1  =  0. 

Substituting  +  1  for  z1  in  (l6),  we  find  the  multiple  point  in 
the  z-plane  which  corresponds  to  z1  =  1,  to  be  infinity.  Using 
z1  -  -  1,  the  multiple  point  in  the  z  -  plane  is  the  origin. 
Therefore  the  multiple  points  into  which  the  branch  points  are 
transformed  are  x  =  <x>,  y  =  oo  and  x  =  0,  y  =  0. 

In  order  to  investigate  the  curve  in  the  z-plane  into 
which  a  line  through  the  branch  point,  -  1,  and  parallel  to  the 
y  -  axis,  is  transformed,   substitute  the  values  of  A,  B  and  C  in 
( l6) .     This  gives 

(x  +  iy)2  (x1  +  iy1)  +  (x1  +  iy1)  -  (x  +  iy)2  +  1  =  u  +  iv  =  0. 
Separating  the  real  and  imaginary  points  of  this  equation,  we  must 
have 

u  z  x1  y2  -  x1  x2  +  2  x  y  y1  -  x1  +  x2  -  y2  -  1  =  0,  (17) 
v  5  2  x1  x  y  +  x2  y1  -  y1  y2  +  y1  -  2  x  y  =  0.  (18) 
Equating  the  values  of  y1  obtained  from  (17)  and  (18)  we  have 
x1  x4  +  2  x1  x2  y2  +  2  x1  x2  -  x4  -  2  x2  y2  +  x1  y4  -  2  x1  y2  - 
y4  +  x1  +  1  =  0,  where  x1  =  -  1,  as  the  equation  of  the  trans- 
formed line.      The  slopes  of  the  tangents  to  this  curve  at  the 
multiple  point,  x  -  0,  y  =  0,  are  found  by  substituting  mx  for  y 
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3nd  -  1  for  x1  in  the  equation.      The  resulting  equation,  when 
f act ored jis 

x8  (1  +  2  ma  +  m4)  +  (1  -  m8)  =  0.  (19) 

But  since  x  =  0,  19  reduces  to  1  -  m8  ■  0,  from  which  m  -  +  1. 
Therefore,   the  product  of  the  slopes  of  the  tangents  at  the  mul- 
tiple point,  x  =  0,  y  =  0,  is  -  1,  which  shows  that  the  branches 
of  the  curve  intersect  orthogonally. 

To  investigate  the  "branches  which  pass  through  the  in- 
finite point,  we  transform  this  point  at  infinity  into  the  origin 

"by  the  inversion  zl  =  ^       Transformation  IV  now  assumes  the 

z 

form  zl  =  .  (17)      In  this,  for  zl  =  1,   z  =  0.  Proceeding 

1  +  z8 

as  we  did  in  the  case  of  the  line  through  z*  =  -  1,  we  find  the 
slopes  of  the  "branches  through  the  origin  in  the  z-plane  are  m  = 
+_  1.      Therefore  the  branches  through  the  infinite  point  intersect 
orthogonally  and  we  have  again  verified  the  statement  of  Art.  VII, 
that  consecutive  branches  through  the  multiple  point  form  equal 
angles  with  each  other. 
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HISTORIAL  SKETCH. 


In  154-5,  Cardan  published  his,  "Ars  Magna,"  in  which  he 
called  cases  where  imaginary  roots  appear,  impossible.      He  also 
observed  the  difficulty  in  the  irreducible  case  in  cubics,  but 
did  not  understand  its  nature.      Raphael  Bombelli  of  Bologna 
published,  in  1572,  an  algebra  which  pointed  out  the  reality  of 
the  apparently  imaginary  expressions  which  the  roots  assume,  but 
made  no  endeavor  to  explain  their  character.      In  1637,  appeared 
Descartes'  treatise,  ^eometria, "  giving  recognition  to  the  im- 
aginary roots  of  equations.      The  work  of  determining  the  number 
of  real  and  imaginary  roots  commenced  by  him,  was  continued  by 
Newton,   Stirling  and  others.      Descartes  was  the  first  to  apply 
the  terms  "real"  and  "imaginary"  roots.      Wallis,  in  chapters  66 
and  67  of  his  treatise  on  Algebra,  1685,  gave  statements  which 
indicate  that  he  possesses,  at  least  in  germ,  the  idea  of  methods 
of  addition  and  substracti  n  of  directed  lines,  but  no  advance 
was  made    in  this  direction  for  nearly  a  century. 

According  to  Cajori,  H.  Kuhn  of  Danzig,   in  a  publication 
of  1750  -  1751,   gave  the  first  geometric  picture  of  a  V  -  1, 
analogous  to  that  of  the  negative.      In  a  paper,  "On  the  Analytic 
Representation  of  Direction,"  1797 ,  Caspar  Wessel,  a  surveyor, 
gave  a  clear  and  accurate  treatment  of  directed  lines  in  a  plane. 
He  also  gave  laws  for  the  fundamental  operations  and  showed  how 
these  lines  could  be  of  pratical  value  in  the  solution  of  problems, 
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This  paper  was  published  in  the  Memoirs  of  the  Royal  Academy  of 

Sciences  and  Letters  of  Denmark,  Vol.  V,  1799.      In  1799 i  Gauss 

-r%itfwbfcrs  °i  "the  f  ♦r^m 
said  he  was  in  possession  of  a  method  of  dealing  withA  a  +  b  V~l 

which  would  consider  them  as  equally  possible  with  real  quantities 
but  a  full  exposition  of  his  method  was  not  published  until  sev- 
eral years  later,  when  it  appeared  in  the  Gottingische  gelehrte 
Anzeigen  of  April  23 ,  1831.      Argand,  in  his^Essai  sur  une  maniere 
de  representer  les  quantities  imaginaires  dans  les  constructions 
g1 eome ' triques,  1806,  has  independently  worked  out  the  repre- 
sentation of  complex  numbers  of  the  form  a  +  bi  which  was  later 
used  by  Gauss.      Thus  we  have  the  complex  plane  referred  to  as 
the  Argand  or  the  Gauss  plane.     Gauss  was  the  first  to  fully  rec- 
ognize, emphasis,  and  make  systematic,  the  use  of  imaginaries. 
Let  f  (z)  =  P  (x,y)  +  i  Q  (x,y),  where  P  and  Q;  are 
polynomials  of  the  nth  degree.      If  x  and  y  are'  interpreted  in 
Cartesian  co-ordinates,  the  equation  gives  two  curves  of  the  nth 
degree,  P  =  0  and  Q,  =  0,  which  intersect  in  n  real  points.  The 
introduction  of  these  curves  into  science,  dates  back  to  a  thesis 
by  Gauss,  written  at  Helmstedt,  1799 »  ir*  which  he  used  them  in 
his  first  proof  of  the  fundamental  theorem  of  the  theory  of  al- 
gebraic equations.      In  1850  he  again  made  use  of  these  curves  in 
his  fourth  proof  of  the  same  theorem.      The  investigation  of  these 
curves  was  made  in  1871,  by  W.  Walton,  who  called  them  "Rhizic 
Curves,"^  and  later  by  P.  Lucas,  who  designated  them  "Stelloidsw . 

^Notes  on  Rhizic  Curves,   (Quar.  Journ.  Math.  Vol.  XI,  187^. 

"^Geometrie  des  polynomes,  (Journ  E'c  polyt.    XLVI.      Heft,  1879.)  . 
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In  1901  they  were  studied  under  the  name  of  Algebraic  Potential 
Curves,  "by  E.  Kasner     .      Von  Stauit's,  Beitrage  zur  Geometrie 
der  Lage,   (1856  -  i860)  contains  the  first  complete  and  general 
theory  of  imaginary  points,  lines,   and  planes  in  projective 
geometry,      Cauchy  gave  the  variables,  in  a  function  as  defined 
"by  Dirichlet,  imaginary  values,  and  extended  the  notion  of  a  de- 
finite integral  by  letting  the  variable  pass  through  imaginary 
values,  along  arbilTary  paths,  from  one  limit  to  the  other. 

The  introduction  of  the  circular  points  at  infinity  is 
due  to  Poncelet  in  his,  "Traite  des  proprietes  projectives  des 
f igures,  2nd.    Ed.,  Vol.  I,  Pages  47  -  48. 

The  linear  transformation,  Z1  =      2  *  ?  ,  is  discussed 

r  z  +  s  » 

by  all  good  texts  on  the  functions  of  complex  variables.  A 
systematic  treatise  on  the  point  correspondences  in  a  complex 
plane  is  that  of  Holzmuller  on  Isogonale  Ver tf/andts^chaf ten,  in 
which  a  great  many  references  are  given. 


"*  On  the  algebraic  potential  curves,  (Bull.  Amer.  Math.  Soc. 
II  Ser.,  VII,  1901. 
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